
⑧
Let: dnx:=1 - ebr/X for

suitablebu,
deps

depends on
Al

on
ak

<details omitted)
-

Q: What can we say aboutthe kernel FA =ker (24)?

i.e. Under what conditions on Ais FA trivial so thathe inj?

A: equally staggering:it is never injective!

Prop: (non-uniqueness ofus withprescribed asymptotics)
For aA, FA #903, so 24: AA-KRXD is not injective.

#: if A
=1- 4,+d), then ecofor any s 1

=>FAis trulyhuge! -> explains why thereare so many proofs of

the Borel-Ritt Lemma: each proofconstructs or splitting of
the BR sequence:

- FA -HA* CRXD -O (e)

F.......---

matine

Very important:any resummation method usedin the proof ofBR lemma

is a splitting of(1)) as K-vector spaces

i.e. doesn'tintertwine productor differential strs!

· In practical terms:iflooking for soln of an equation, the method

ofperturbation theory thenresummation is not
valid



⑨
54 Asymptotics withFactorial Growth

Def: FEOCS) is asymptotically smoothwith factorial growth
N

along Aif FS'eS = C, M>0 st Ykx1 I
nice

sup,*) cM!
->

=

-Ze KIX5has growthif IC,M20 st

IQn!CM*k!

: A :-Sectorialgerms] AA diff subalgebra, local inthe↳m E E
↓ 2 diff. alg. hom

DXD:=Ep.s. w/ fastgrowth] <K4xB -- -
-

· ([x3cKXDCDIXD

· Mampt.exp.theorem:IRn(x)-CM'n! Ix"

· Now, we wanttounderstand the kernel of ze.



⑩

DA:FCPCS) is of exponential decay along A
if FSCS ICT0 and t 70 st

1f(x)) <Ce
+/x) *xeS

sectorial germs
· E:= Sofay 3

Lem: Have A, EAE diff. subalgebra and

E A* * K*Ixio -> A ->

note: not claiming that he is subjective!
· Proof skipped (uses Stirling approximation).

· erve:if (Al-, then FR*403 by of functions like "*

Inm (WLemma):

IF lAKi, then E =503

Eidea.. Ie II shouldbe like ely with pst, but ex isn'tnice.
· uses very interesting extension of maximum modulus principle to

unbounded domains. I



⑭
Im (WLemma):
Consider ee:A -> K4IXX.

① if Ali, then be injective

② If Al Si, then be subjective

Gr(B-Watson Lemma)

IfAli, then

o -> FR - AR - 444xD- 0

*on'sLemma: Wolog, assume A = (-4, +4), &c.

Take F(x): = anxYe KYRXD so lanIYCMk!.

NeedAndsomeasthestoree
F

Let: vet inside a disc of convergence of.
v

.8
Ie: f(x): =ax+Se4x Y(t) dt

Cham: F(x)e(H1) andee(fr)=
↳proof is similar toproof ofTaylor's theorem. is Stepansform

Shortfalls in Watson's Theorem:
· regimes of injectivityand subjectivityare disjoint."x)· injectivity does not extendtosmaller arcs. (bic e
·surjectivitydoes not extend tolarger arcs (we'll see later)
· no practical description ofimage of20 for large arcs.



⑫
55. Borel-LaplaceTransform

Introduce new complex plane 41.

Ref:Thestormof 4 =yst) in thedirection & is

2014: =(*ystdt.
Given an arc ER,

214s:=[20243

* entire hal. In y-sO(CA) is ofextypeat if IC,M10

st 14)CeMt XteKt.

-(E) ==(entireto ofOCE
: xy (41),

f(x) = =2[4](x) = =2p[y](x) where 0:Fargex)
is a hal. Function in some disc aroundthe origin,and flo)=0

=>Laplace transform defines a K-linear map
2. Ex(t) - x4Ex3

↳ not algebra kom! 224.4) =2(43.224].



⑬

Def: ionproduct:

x x+= =(e(r - u)+(n)dw.
=>EK1) withXis commutative (non-unitall K-algebra

·

e.g., txt=st! titst =>KKtD also gets A.

Pop: 2:[((t) -xK9x3 is alg.hom
with *

i.e. 2 [4x4]=2<4]·2[4).

cam: itis actually an iso!
toprove, we'll constructexplicitinverse -Borel transform.

Den: The Betransform off=f(x) is integral ever

BCF] :=aet*fx -

X

↳m: FI-KEx3, 4(:=B(EJ(t)eE)K1).
So the Borel transform defines a K-linear map

B:4[x3- E(k1)

· B(1] =0 =ker(B) =K

·([x] =1 3 B(ax) =Z
· B(x] =at!



⑭
· B(7.g] =B(f) xB(g] +f(0)B(g] +g(0)B(f]
=> B is not an algebra hom unles restrictedtothe ideal xREx3

Gr: B:xKEx3 -E2)KE) alg. hom.

Ihm: (ConvergentBorel-Laplace Isomorphism
B

-
x([x3 I 32) DE) as algebras
-
L

It: change order of integration anduse Cauchy's integral formula.

D: .
2: 4KtD-- KRxD

k+1

butionsEk!bux -
Laplace

· B: KIxD -> KKtD
k forBore

aux"at

Lem: FCC*XD > BIEJEKEt3

and **Rx* *4St3 K-linear map

S 45
*2x3 -31)



⑮
Im (Formal Borel-Laplace Isomorphism):

B

-
x44xD E kItD as algebras
~ with*

I

↑B
-

x 4*XD 4St3

I
-

I

· Wanttoextend this to asymptotics with factorial growth
Due toWatson, Nevanlinna, and Sokal

· Leto be a direction.

Let &o(): [t/ dist(t,Ral <R3 *IkIIllhalfstrip centred at a
Rp(R)

Ea:= [


