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Resurgent structure in integral



Resurgent structure in integral

In integral, original contour decomposes into steepest decent contours
(Lefschetz thimbles) associated with complex saddles

» Thimbles associated with distinct saddles have
nontrivial relation via Stokes phenomena

- Airy integral

= [ (55




Resurgent structure in integral

Complex saddle contributions in thimble decomposition
(Steepest descent method)

- Airy integral
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Resurgent structure in integral

Complex saddle contributions in thimble decomposition
(Steepest descent method)
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Resurgent structure in integral

Complex saddle contributions in thimble decomposition
(Steepest descent method)
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- Airy integral arglg?] = ?Jr
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Stokes phenomenon : at special arg[g?], | :
thimble decomposition discretely changes | | '




Resurgent structure in integral

Complex saddle contributions in thimble decomposition
(Steepest descent method)

- Airy integral
S
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arg|g
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arg[g”] = 2§+
C=J_+J.

Thimble decomposition is discretely
changed at Stokes line.
Airy function is continuous even at the

Stokes line.
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Resurgent structure in integral

Complex saddle contributions in thimble decomposition
(Steepest descent method)

arg[g?] = — % s
- Airy integral YT
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Thimble decomposition is discretely \/ \

changed at Stokes line. | > \
Airy function is continuous even at the s \
Stokes line. .\

Two thimbles have resurgent relation via| 'l

ambiguity due to Stokes phenomena ! E 2 g 0




Resurgent structure in quantum mechanics



Perturbation and Borel resummation

Hy + g°Hpert| ¥(2) = Ep(z)
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p(QZ) _ Z aquq Perturbative series is often

= ag X q!
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Borel transform can have singularities on positive real axis
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g axis leads to ambiguity




Perturbation and Borel resummation

Hy + g°Hpert| ¥(2) = Ep(z)
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p(QZ) _ Z aquq Perturbative series is often

!
g=0 divergent factorially Qg X -
» B(92€Iz’€) — RG[B(92)] -+ ZIm[B(gz)]
Im[IB% (92)] ~ e QAZ This should be cancelled by that from

non-perturbative contribution!

We can study non-perturbative effect in terms of
perturbative Borel resummation and resurgent structure !




Complex bion solution as non-pert. contribution

Behtash, et.al. (15) Fujimori, et.al. (16)(17)

ex.) double-well QM

2
r — z2=x+1y Q - 8_V
dr? 0z
- Complex bion solutions
2ep(T) = 21 — (21— 2r) coth % [tanh w(T + 7o) — tanh (T TO)] zr, 70 € C

» Contribution from complex bion to Ej

> 8= () [rememas 15

The imaginary ambiguity from bion cancels that from perturbative series




Exact-WKB tells us complete resurgent structure

Sueishi, Kamata, TM, Unsal, [arXiv:2103.06586]
4 ) (-5 + V(@) (o) = By(a)

 Exact-WKB leads to Schrédinger eq.
exact quantization
condition. exact-WKE

*  Fredholm det. & l .

D(E)=0 . 7= $pdr ~ (N +3)+O(e )

I"GSOlve nt |eadS tO exact quantization condition , generalized Bohr-Sommerfeld
Gutzwiller formula and
partition function

 Maslow index is l - S
, , G(E) = — 2 log D(E) | GE) = ;p;{—l) ‘
|dent|ﬁ Ed aS expand Gutzwiller trace formula

intersection #
*  We end up with

inverse Laplace transform
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|nC| ud N g both Pe rt. & calculate the residues spectral summation form

\ non- Pe rt. j integral by parts and expand log D(F)

Z(B) = Zanh” + e_s_h1 anhn + e_s_ﬁ2 chhn + ...

n

n n
path integral(trans-series) form




Exact-WKB tells us complete resurgent structure

Sueishi, Kamata, TM, Unsal, [arXiv:2008.00379]

Mx)

A = efA Sodd7 B = efﬁB Sodd’ O — effc Sodd 1/A

- Normalization condition in x — -o0 gives quantization condition among cycles

(

1+ A')(1 )+ ATBT = for Im~h .
Do<<( AL+ O + 0 for Imh=0 corresponding to Stokes phenomena

(1+A7)A+C)+C" B~ =0 for Imh<0 in perturbative & semiclassical study

* leads to trans-series-form partition function, and resurgent relation among
A(pert.) and B(bion non-pert.) : DDP formula Delabaere, Dillinger, Pham (97)
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- _ —BE R
Zs(5) 5 /e_ioo [ 5F log(1 + A)] e dE + (4 — A7)
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e+i100 OO n _hi
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Exact-WKB analysis for S! quantum mechanics

Sueishi, Kamata, TM, Unsal, [2103.06586]

ex.) V(z) = 1 — cos(x) V(x4 21) = e Wep(x)

> det (Mi _ ewl) —0




Exact-WKB analysis for S! quantum mechanics

Sueishi, Kamata, TM, Unsal, [2103.06586]

Quantization condition from periodicity of wave function

Va, (@ i a, (T :
M™ (w Exi) =" (:Z Ex;) > det (Mi — 67’6[) =0
DT «c1+ AT + ATB — 2(v/A)T'VBcos

> B VB .
(1+A$1)<1+1+Ail\/2+1(69+6 0)> =Y
VA

exact agreement with Zinn-Justin-Jentschura’s result zinnjustin, jentschura (04)




Exact-WKB analysis for S! quantum mechanics

Sueishi, Kamata, TM, Unsal, [2103.06586]

Partition function clearly shows resurgent structure
Z(h, B) = Zpt(h, B) + Znp (N B)

: topological charge
Znp(h, B) = Z Znp(h, B:1Q, K }) [g nu]inbe{;r ofbionsg
(Q,K)eZ®No '

|Q|+K>0
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np(h Bi{Q, K}) = 27 Jo i Q+K( K ) [ 27T F(i_a) (3—2)

K
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trans-series including bion contributions
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Resurgent structure is closed in each Q sector : resurgence trlangle



|. Resurgent structure in asymptotically free QFT

Nishimura, Fujimori, TM, Nitta, Sakai, JHEP06(2022) 151 [arXiv:2112.13999].



Infrared renormalon in QCD . .09

In asymptotically free QFT, a specific type of ambiguity exists.

¢ Adler function (UV & IR convergent)

2/092) 2/092)
D(Q?) = %2/ ngk /Q lﬁoaslog 2] ( Z/ ksz /Q )>
- - :u4 asBo
~ ozS?;) (@) (— 5 ) n! + UV contr.

as(p)fot " as (1)
- ) 1+ a(p)Bot/2 P =

-------------------

-------------------

Singularity on positive real axis

0.) = ReB + Z_?Teajﬂo _(Agep * :Renormalon (surviving in large N)
S By - Q related to low-energy physics

How is the renormalon ambiguity cancelled?




Essence of our main result

47 47

Im(6D?) = +nx [(,LLQG_M)Q A% — 2A% + (MQG_M)_Q A8] d(A—a) =0

A* A a: IR cutoff
known IR renormalon .
A: Dynamical scale

(1) Renormalon ambiguity is cancelled by combination of ambiguities at
two nonpert. orders A4 o« exp(-8m/A,) and A8 o exp(-16m/A,) !

(2) The ambiguities emerge only for a<A, originating in analytic
continuation from a>A to a<A (|p|>A to |p|<A).

(3) There is binomial-expansion-type resurgent structure.

(4) The resurgent structure and the renormlon are drastically changed
by infinitely many Stokes phenomena during Zy-compactification.




Large-N O(N) sigma model on R?

* Action of O(N) model

1

S = —
2g°

d%[(a@-qﬁa)2+p{(¢a)2—1}] a=1... N (69 =1

- Effective potential in large N

>
>

N d? D
Ver (D) = — [/ (27:;2 log (p* + D) — X] 't Hooft coupling : A = ¢°N

UV subtraction with renormalized coupling

N D 2T
Veg(D) = ——D [ log — — 1 ' © A = 27
(D) . <og A2 ) Dynamical scale : A = pexp ( A)
(D) = A? it works as a dynamical mass



Large-N O(N) sigma model on R?

0D (x
N

* Fluctuation of D D(z) = A* +

* 2-point function of fluctuation of D

o - 0 condensate P
_ p ZpajA 5D2 ) E/ 4 A
ED@DO) = [ e ap) > (00%,= [ hae
UV cutoft a

&7 2+ 4A2) /
A( = \/p p 410g< m+ + 4/\2)
p

* ExaCt reSUIt Of th|S Condensate Novikov, Shifman,Vainshtein, Zakharov (84)

*a coshs—1 ,
<5D2>& — 2/\4/ ds — 2A* Chin(sz) Chin(sz) = Chi(s;) — log(sz) — V&

0 S

Unambiguous and IR convergent



How to derive trans-series

- Expand A(p) w.r.t. A2/p? for |[p|»/A — trans-series expression
(In the end, analytically continue to |p|<A — imaginary ambiguities)

A?Jp? = exp(—4m/A
4] 114 \/ 8 4% 6AT O(A9) ey
4l a _ B
& 4/\2 AN\2 A P2 pA A, 27

log (p/A)
I:{> Expansion of A(p) w.r.t. A2/p2
o0 A 21
=y (E) fi(\) fi(Ay) = Pi(ADy) A,.: polynomial of A,
[=0
Ao = CL [+ 14 )0 — a0V vtk ()0 - ST

[ : order of nonperturbative exponentials



How to derive trans-series

* Trans-series expansion of <oD2>

we here introduce|lR cutoff a[to regulate IR divergence

©.@

d2
(6%, = S A%Cy Oy — / RO,
'~ a<|p|<a (2m)

[=0

Aa expansion (formal series) of each coefficient

o0 -1 o0 n+1
- E n—+1 >\p . 47 p2 o Aa p
CQ[ — )\EL C(Ql,n) E = [)\—& —+ 10g (g)] — Z (E — log ?
n=0

n=0

* Separate UV and IR contributions

a d . .
Cop = / %pg_% filAp) = Cu(p)l, = Cula) — Cula),

ex.) [=0 / Tp (—1 1 —&2>n E> Cop) =S (—A&YHF (n+1 2log =
. Co,n) = D og o(p) = 7
0w a<|p|<a (2m)? Am p? 2o \5T b



Cancellation mechanism
Order A°

o0 3 n—+1 ~9
Colp) =a" >y (ﬁ> I (n +1,2log a—2> A?/p® = exp(—4r/),)

— 87 D

rel
resum. o0 —1 8 8
o t— g A A

l:’\> ImCy = ImCy(a) —ImCy(a) = £{m —70(a — A)}A* = £7A*H(A — a)

w
Q

The ambiguity emerges only for a < A'! Known IR
Aa <0 renormalon !
Order A4
AT )\129 — 27T)\p
Cs(p) =|—2log ()\p) — -

> Im €y = Im Cy(@) — Im Cy(a) = T270(A — a).

The ambiguity emerges only for a < A'!
Ao <0



Cancellation mechanism

Order A8
1 S/ A\ G2\ rm 1 [ et
Cs(p) D =2 (——“) F<n+1,—210 —):——/ dt ——=.
s(P) a4nz_0 8 5 p? ptto o+
1 , ST ST
) B
T
‘:\’> Ing — ZZ@(A—CI,)F.
@ R
g(a)
a> A
_.877 " =0 l:"> No ambiguity
L A

* The ambiguity emerges only for a < A

* It is accompanied by exp(+8n/A;) « 1/A4



Cancellation mechanism

Order A8

1<~/ A \"
Cs(p) D gz<—8—ﬂ) F(

02 resum. 1 o0
n+1,—210ga—2> :——4/ dt — g
p P* Jo t+
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.
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* The ambiguity emerges only for a < A

* It is accompanied by exp(+8n/A;) « 1/A4



Cancellation mechanism

(5%, = SN[ {Ca(@)} — (Cal)}]

[=0
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Analytic continuation [p[>A to |p|<A (a>A to a<A) is responsible for
(1) existence of ambiguities,

(2) cancellation of ambiguities (A™ coefficient at the A® order)




Cancellation mechanism

At

2T
Ap =
log (pi/A)
pl
Analytic
continuation
p|<A p|>A (trans-series expression defined)

Analytic continuation [p[>A to |p|<A (a>A to a<A) is responsible for
(1) existence of ambiguities,

(2) cancellation of ambiguities (A™ coefficient at the A® order)




Cancellation mechanism

Aot \ = 2T
' " log (p/A)
5 -
A p
:* Analytic
: continuation
p|<A p|>A (trans-series expression defined)
)

Analytic continuation [p[>A to |p|<A (a>A to a<A) is responsible for
(1) existence of ambiguities,

(2) cancellation of ambiguities (A™ coefficient at the A® order)




Correlation function in Large-N O(N)

Result of imaginary ambiguities A2 /p? = exp(—4m/\,)

A2 2 [ : order of nonpert.
Im (6D(x)6D(0)), = EmwA* > > Az < ) exponentials

=0 n=0 n : power of x2

* Binomial-expansion-type cancellation

Ay = (1) (ﬁ1!)2 [ <2ﬁl+ 4> _y (27_+12>]

0| -1 0 2 0O -1 0 0 o - ::
..................................................................... O
1 0o ...

cancellation occurs
for each x27 order




Large-N CPN-1 sigma model

N
£ {Z D, + D (|6 - 1)}
a=1

D;o"

— (81 —‘r ZAZ)Qba

=0 0

1 oo
2 _ 2 tl=2m@t) _  2m(t)
<Fw>a’a = 9N E A / dt A [a " a”" }

~

p(t)
m(t)

condensate of
field strength

* on R2

N

m(F2Y - E ) R ANY 4 AN F 7 T N
m<FW>gL,a_ ae *a | —Hfae *a) AT 6N —|4l{ae o) A ae *a ) A°|O(A—a) =0

* on Rl X ST (Zy-twist) LA <1 NLA>1

xSt + _2m\3 _2n
I (F, e = — [Z(&e W) [Bl(ae % ) A2 +[6](ae

27

A

) -

—%)_3 A6] O(A — a) = ()

* Both cases have binomial-expansion-type resurgent structures.
» Zn-twisted compactification drastically changes the structure.



Large-N CPN-1 sigma model

1 N
L= {Z D2 + D (|67 — 1)} Dig® = (0 + iA;)¢"
a=1

F2y R /oo A [&m(t) - aQ"l(t)} P(t) condensate of
H L aa 2N 0 n(t) field strength
mHy =21
* on R? 2
A4
Im <F3V>a,a = % (&e_i_z —4 (&ei_g)zAQ +6A* — 4 (&ei_g)_Q AS + (&ei_g)_4 A8] O(A—a) = ()

* on Rl X ST (Zy-twist) LA <1 NLA>1

Im <F3V i

Rx 1 +7r

NL

2

(&6

27

~o(a ) a0 (a ) At -2 (2 ) A oa -0 = 0

A3

* Both cases have binomial-expansion-type resurgent structures.
» Zn-twisted compactification drastically changes the structure.



VVhat happens in compactification

During compactification, the resurgent structure changes,
where Stokes phenomena occur every time one of Kaluza-
Klein masses 7/R becomes larger than the dynamical scale A !

A3—2 —iLy ~9
m (0 D(x)0D(0)),|, = £7 S‘A l|Pl(AaA) B - (9(/\2 — %)

2

[ : order of nonpert. exponentials
7 : KK mode

Infinitely many Stokes phenomena during compactification
change renormalon ambiguity from O(A4) to O(A3/R).
AN /R for R < A™!

A+ ... for R — ¢

m (6D(2)6D(0))a|,_, i{



VVhat happens in compactification

R

o0

S/A

4/ A\

3/A

2/

1/A
Im(6D%)|j—g = £—




VVhat happens in compactification

R

o0

S/A

4/ A\

3/A

2/A\ 3
Im(6D?) |1y = i% <1+ - 1 )
1/A V1= @iy




VVhat happens in compactification

R

00— (DY) |y = £

S/A

4/ A\

3/A

2/

1/A




2. Phase transition and Resurgence

Fujimori, Honda, Kamata, TM, Sakai,Yoda, PTEP10(2021) 103B04, [arXiv:2103.13654].



Phase transition and resurgence
a N

| st order phase transition is understood as Anti-Stokes
phenomenon : change of dominant saddles (stationary points)

- Anti-Stokes phenomenon is encoded in perturbative series
- The picture is consistent with Lee-Yang zero picture.
- Recently 2nd-order phase transition is discussed in localized SQED

Kanazawa, Tanizaki (15), Dunne, et.al. (16)(17)(18)
Russo, Tierz(17)

\_ )

A

g N

Can 2nd and higher order phase transitions be understood in terms

of thimble decomposition and resurgence theory?
\ Fujimori, Honda, Kamata, TM, Sakai, Yoda (21)

J




Stokes and anti-stokes phenomena

» Stokes phenomenon : Change of intersection numbers
Im[S{ip:]] = Im|S]e;]]
Resurgent structure

* Anti-Stokes phenomenon : Change of dominant saddles

Re[S i),

| st order

= Re[S|yp;]]

bhase transition




3D N=4 U(l) SUSY gauge theories on S3

Parameters Variables after localization

* Fl parameter 7 * Coulomb branch parameter ¢

* # of hypermultiplets 2Ny

* Mass m

Partition function via localization

4 = / do e °9) S(o) = Ny {—i)\a + In(cosh o + cosh m) effecj.tive
action

Saddle-point approx. in 't Hooft-like limit Ny — oo, A= —— = fixed Russo,Tierz(17)

N
Ny

ot — log (—)\ coshm + iA(X, m)

Y ) +2min (n€Z) saddles (stationary points)

A(A,m) = V1 — A\2sinh®m



3D N=4 U(l) SUSY gauge theories on S3

Parameters
* Fl parameter #

Variables after localization
* Coulomb branch parameter ¢

* # of hypermultiplets 2Ny

* Mass m

Partition function via localization

4 = / do e °9) S(o) = Ny {—i)\a + In(cosh o + cosh m) effecj.tive
action

Saddle-point approx. in 't Hooft-like limit Ny — o0, A=

N hm
A2 F f (1 + cos . > A< Ac .
. _ 14+A2 \/1_)\2 sinh?2 m Crltical P0|nt . )\c = — !
d\ Ny sinh m
TTT AZ A

» 2nd order phase transition

= fixed Russo,Tierz(17)

N
Ny




Lefschetz thimble decomposition

Fujimori, Honda, Kamata, TM, Sakai, Yoda (21)

A< A, 1>,
a lo
Im o o o
"X § oo «— collision! ., =
1
Xz
10“
1 o
@
5
\ANAX A 05 AN Pa\VAN
ot
=10 05 0.5 o~ e ° 10 05 ] 05 o~ e
Only a trivial saddle contributes An infinite number of saddles contribute

Im[S[p;]] = Im[S[e;]]

_ for pair saddles
Re|S|pil] = Re[S{w;]]




Lefschetz thimble decomposition
Fujimori, Honda, Kamata, TM, Sakai, Yoda (21)

1< A, A=A,

O lision!
«— collision! .,

X SO
10‘“
\/\>< 7\ U; ><\/\ >(\/\
gt
@
5
ot
=10 ~05 05 o > ef 1.0 05 ] 05 e o
Only a trivial saddle contributes An infinite number of saddles contribute

At A=A, two of pair saddles collide and scatter with /2.
- At A=A, both Stokes and anti-Stokes phenomena simultaneously occur!




Generic argument on phase transition
Fujimori, Honda, Kamata, TM, Sakai, Yoda (21)

Theorem ‘ AL A
A> Ag
Assume action in expression as @\
e—NF()\) _ /dO’ e—NS(A;a) ® 0.
-~
(s
+ o @) > ).

A< Ac
When 7 saddles collide with angle f,

phase transition of order [(n+1)f] occurs, where Stokes and anti-Stokes

phenomena simultaneously occur.
ceiling function, cf.) [(2+1)(1/2)] =2

- Simple-model phase transitions are understood in terms of thimbles.
* |t means the phase transitions can be detected from perturbative series!




Generic argument on phase transition
Fujimori, Honda, Kamata, TM, Sakai, Yoda (21)

ex.) Airy integral
. 3 ) |
S()\;U) — % — 1AO. » Sy = :F%((s)\)3/2
UCZO, )\C:O, 50':|:::|:5)\1/2 gi:j:)\l/2
Free energy

2nd order phase transition

~

P S, = 2(=6)A)%/2 for A <0
Tl Se+S. =0

for oA > 0




Generic argument on phase transition
Fujimori, Honda, Kamata, TM, Sakai, Yoda (21)

ex.) Airy integral
3

S(\; o) = % — A0 » Sy = $%(5A)3/2

0.=0, A=0, dop=+N"? o4 =42
Free energy

(—=6X)3/2 for 6A < 0
for oA > 0

4o+ =

~ { G415 - 2nd order phase transition

(i) Contributing saddles jump as 6+ — G6+,6-
(i) The two saddles collide and scatter with a scattering angle /2
(iii) Stokes and anti-Stokes phenomena occur simultaneously

P [(2+1)(1/2)] =2



Generic argument on phase transition
Fujimori, Honda, Kamata, TM, Sakai, Yoda (21)

ex.) Airy integral

3

~ 1 N ‘
S(\; o) = % — iA0. » Si = $%(5A)3/2

O-C:()y )\C:O, 50':|:::|:5)\1/2 gi:j:)\l/2

Free energy

sy = 2(=6X)3/2 for 61 < 0 ..

~ { S 15 —¢ b S 0 2nd order phase transition

o\ < 0 s o > 0 1t
collision!

Singularities on
iImaginary axis
= anti-Stokes
phenomena




Summary

|. Resurgence structure in 2D sigma models:

* Analytic continuation is essential for cancellation of imaginary ambiguities,
* Combination of ambiguities at non-pert. orders cancels renormalon,

* Binomial-expansion-type resurgent structure,

* Compactif. leads to infinite-times Stokes pheno. & change of renormalon.

2. Phase transition and resurgence:

* Higher-order phase transitions are understood as collisions of saddles,
* Stokes and anti-Stokes phenomena simultaneously occur there,

* encoded in collision of Borel singularities of perturbative series,

* Theorem: n-saddle collision with angle fm — transition order [(n+1)f]

3. Exact resurgence and quantization conditions from EWKB:

* Exact quantization conditions obtained for multi-well and periodic QM,
* Exact resurgent structures in these models are shown,

* Dunne-Unsal (P-NP) relation in some models is derived by exact-VVKB.




