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§0. What is this mini-course about?

’ divergent series and their analytic meaning
How can we promote formal data to analytic data in a natural way?

Brief Plan for the Course:

@ Best example: resurgence of the Euler series

@® Algebras of functions and sectorial neighbourhoods
© Asymptotic expansions

@ Asymptotic expansions with factorial growth

@ The Borel-Laplace transform

@® Borel resummation

@ The Stokes phenomenon and resurgent series

< SCAN FOR LECTURE NOTES

alternatively: My Website — Notes
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§1. Resurgence of the Euler Series

¢ Problem: find all solutions on the real line of the following ODE

2 f +f=x

¢ Aside: actually easy to solve using the integrating factor method:

—1/u
du for z > 0, C = const

f(x) :Cel/m—l-el/m/ ¢
0

u
e But let’s pretend we don’t know this, and use the power series method:

o0
power series ansatz f(x) := E apz® = ag + a1x + agr? + - - -
k=0

substitute into (x) to get a recursion:

ag = 0, a] = 1, and a1 = —kak ie. Ap+1 = (—1)kk! for k >1

¢ Obtain a power series solution called the Euler series:
P oo
Eu(z) := Z:(—l)kk!a:’€+1 =z — 2 +22% — 62 + 2425 — 1202° + - -
k=0



§1. Resurgence of the Euler Series

® Problem: find all solutions on the real line of the following ODE

iEQf/
o Answer: the Euler series
oo
Eu(z) := Z(—l)kk!ka =
k=0

x— 2%+ 22°

+f=x

— 62 +242° — 12025 + - -

% 3k 3k

e Curious historical aside: why “Euler series”? Clipping from his 1760 paper in Novi
Commentarii academiae scientiarum Petropolitanae:
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§1. Resurgence of the Euler Series

¢ Problem: find all solutions on the real line of the following ODE
x> ff+f==z (*)

e Answer: the Euler series

oo
E/Jﬁ(:c) = Z(—l)kk!ka =z — 2%+ 22% — 62t + 242° — 1202% 4 - -
k=0

e This answer is exceptionally simple and beautiful, but comes with two major setbacks:

@ Eu(z) is divergent and therefore not a true solution!

@® Eu(z) is at best only a particular solution,
so the power series method has missed most solutions to our ODE!
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[ee] o
¢ Key observation: if z > 0, then xz = / e /*dt and klzF = / thet/* 4t
0 0

e [llegal trick: plug this into the Euler series to get

Eu(z) = Y (~1)"klz*+!
k=0
= Z(—1)k’/ the=t/ 4t
k=0 0
\ . oo [ 22
6\%@5 “_» / (Z(—l)ktk> eft/:r dt
‘036 0 k=0
'\‘5-‘6 0 o—t/x
Q&\ “_r / T dt =:Eu(x)
0

e But: Eu(x) is a perfectly well-defined analytic function for = > 0. Moreover:

—

22 Eu'(z) + Eu(z) = = and Eu(z) ~ Eu(z) asz — 0"

T efl/u

In fact: Eu(z) = e'/® / du is the particular solution we encountered before!
0

u

Borel resummation legalises this trick!



§1. Resurgence of the Euler Series

o e oo [ X 0 o—t/x
Bu(z) = ) (—1)"kla*! <= / S (—)kk et ar <= / Y dt = Eu(x)
k=0 0 \k=0 0

Borel Resummation:

® Borel transform: ﬁ(m) »& eu(t) := Z(—l)ktk



§1. Resurgence of the Euler Series

o0 oo [ X 0 o—t/x
Eu — Z k'l‘k+1 “«_» / Z(*l)ktk e—t/x dt “=” / dt = EU(ZL‘)
—0 0 \k=o o 1+t
Borel Resummation:
o0
® Borel transform: ﬁ(m) »& eu(t) := Z(—l)ktk
k=0

Zakif '_> Zakﬂ = 3(x)
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k=0
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© Laplace transform: eu(t) i> Eu(z) :/ e t/® eu(t) dt
0

t) L/ o(t)e ' dt
0

The Borel sum of f(w) is

~
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§1. Resurgence of the Euler Series

Wallis Hypergeometric Series

Question: What is the ‘value’ of
Eu(l) =1— 142 =344l =5l 4. =1—-1+42—64+24—120+--- ?

Answer: since Eu(z) is the Borel resummation of ﬁl(x) for x > 0, get

—t

z(éﬁ(l)) — Eu(l) = /OOO 1€+t

'§. 16. Adhibeator iam. haec methodus ad feriems
propofitnms

A=1-142-6+F 24~ 120—}—“,*20»;04,0—{—40310"—«6&., A — 9149852%9,24 X
15343”93290—-0 15963473621237

dt ~ 0.596347362323194...




§1. Resurgence of the Euler Series

What about = < 0?

- ooeft/zd
u(x)_/o 1+t g

has an obvious problem for x < 0: integrand is exponentially growing as ¢t — +oo

expand our worldview: from now on, x is a complex variable
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§1. Resurgence of the Euler Series

o Llt|(z) = /R te”t/T At is well-defined for all z € H := { Re(z) > 0}
+

o &ylt)(z) := /R tet/* dt is well-defined for all = € Hy := {Re(e "“z) > 0}
6

o Lalt)(z) == {Sg [t](x) }aeA assembles into a holomorphic function on OUA Hy
€

A = (a_, a4 ) = arc of directions

£ Ry

Y
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r
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—t/x —t/x

14¢

&
14t

Eu*(z) — Eu (z) = ?{ dt = 2mi tResl ( dt) = 2mie!/®
i =
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Get a particular holomorphic solution for all z € C\ R_:
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Consider: Eu®(z) := / C at
r
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So the missing solutions have resurged as residues of the Borel transform!



§1. Resurgence of the Euler Series

Get a particular holomorphic solution for all z € C\ R_:

e—t/:c
Eu(as)._/rzl_i_tdt il
I, = IRarg(az:)
e—t/z
Consider: Eu* (z) := / dt r+
r

+ 1+t <

—)

Stokes Phenomenon: they are not the same! -1 T

—t/x —t/x

+1

Eut(z) — Bu(z) = 7{ ¢

_ 2
. 1+tdt—2m tligsl (1

dt> = 2miel/®
So the missing solutions have resurged as residues of the Borel transform!

The general solution is the multivalued holomorphic function on C \ {0}:

f(z) = Eu(x) + Cel/® = Eu(z) + C2mi 5381 (e_t/x eu(t) dt) CecC



